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Abstract. Much discussions surrounds the issue of “analytic flexibility”
seen in multi-analyst studies. In these, researchers crunch data follow-
ing diverse plausible model structures as to produce some form of use-
ful inference, only to find a “universe of uncertainty” when comparing
their findings. Uncertainty in models, be those mathematical, statisti-
cal, or other, can arise from various sources, including parametric and
structural factors. We discuss the issue of analytic flexibility in general,
and how global sensitivity analysis can be usefully applied to tackle the
problem. We illustrate the main concepts via a very simple example
taken from sustainability science. Specifically we show with our exam-
ple how uncertainty increases when transitioning from purely paramet-
ric variations to structural modifications in a simple three-factor model
inspired by the Human Development Index. Global sensitivity analysis,
performed using variance-based methods, reveals that structural uncer-
tainty increases interaction effects, leading to a higher effective dimen-
sion and model complexity. These findings emphasize the importance
of considering structural uncertainty in model assessments, including in
applications where aggregation rules influence outcomes, such as for the
case of many composite indicators for sustainability.

Keywords: Garden of forking paths · Global sensitivity analysis ·
Mathematical models · Human Development Index

1 Introduction

A considerable number of authors [1,2,7,21] have engaged in discussing the “ana-
lytic flexibility” seen in recent multi-analyst studies, whereby different research
teams collectively engage to check whether they obtain the same result when they
venture in a so-called “garden of forking paths” [4], a metaphor for the many
choices modellers do in the construction of an analysis, from curating the data to
choosing the analytic architecture of their study. Here, apparently inconsequential
modelling choices ended up producing a large variation in the results. In a sense
these dangers were clearly identified by Edward Leamer whose work [8] advocated
global sensitivity analysis (GSA) to test the robustness of inference. As shown in
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[18] the problem of analytic flexibility can be properly tackled using global sensitiv-
ity analysis, that permit to explore the dimension of the garden ex ante, i.e. before
a multi-analyst study is undertaken. GSA offers efficient methods for exploring
multidimensional spaces (for example by proper experimental design and use of
quasi-random sequences) that permit charting the “universe of uncertainty” hid-
den in multi-analyst studies. We use the term “modelling of the modelling process”
(MOMP ) [9,15,16] to designate the application of GSA to a garden of the forking
path. A more captivating term proposed in the literature is “multiverse analysis”
[2]. According to Pierre Duhem inferences from mathematical models of phenom-
ena to real physical applications must also be demonstrated to be approximately
correct when the assumptions of the model are only approximately true (see [3]).
This position is known as Duhem’s principle of stability, where instability can arise
from different sources: 1) Uncertainty cascade: adding model parameters by grow-
ing the size of the model increases the uncertainty in the output [5,22]; 2) Butterfly
effect [20]: a model is very sensitive to initial or boundary condition; 3) Hawkmoth
effect [23]: A model is very sensitive to structural assumptions. In environmental
modelling the concept of uncertainty cascade is also known as the O’Neil conjec-
ture [11,13]. We wish here show with a simple example what happens when differ-
ent types of uncertainty are involved. For example, what happens when one moves
from exploring pure parametric uncertainty, whereby one sample input variables
from given distribution, to structural uncertainty, when one samples structural
aspects of a model. As we shall see, the more one moves away from straight para-
metric uncertainty and toward model uncertainty, the more the model uncertainty
increase.When usingGSA, complexity can be associated to the concept of effective
dimension, intended as the true dimensionality of the problem: it grows with the
number of parameters that are truly influential on the input and with the number
and strength of their interactions. A model with k uncertain inputs may have an
effective dimension as low as one and as large as k, with the latter case correspond-
ing to higher complexity and larger uncertainty in the output [6]. Interestingly, in
the multiverse analysis studied in [18], it was discovered that the variation in the
results could not be explained by any factor in isolation, but only by interaction
effects involving several factors. Hence no much variance could be seen by varying
the input uncertain factors one at a time. Since this may be counter-intuitive to
non-statisticians, we illustrate here how this can be taught with a didactic model.

2 Methods

We shall play here with a simple three-factor model where the factors can either
be added or multiplied with one another. A practical occurrence of this kind of
model is the Human Development Index [10], a composite indicator where three
dimensions (wealth, health and education) are combined; before 2010 the HDI
was built by adding the dimensions, and in subsequent editions the dimensions
were instead multiplied, see [12] for a discussion of the relative sensitivity analy-
ses. Let’s start with a quasi-additive function (Case 1a, the original HDI) defined
in Eq. (1):
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y = (x1 + x2 + x3)
1
3 . (1)

We allow x1, x2, and x3 to vary according to predefined distributions, i.e.,
fi(xi) ∼ U (0, 1), and we use three quasi-random numbers θi defined in [0, 1],
for i ∈ {1, 2, 3}, to sample them (Case 1). Similarly, let us consider the case of a
multiplicative function (Case 1b, as the later version of HDI) defined in Eq. (2):

y = (x1 × x2 × x3)
1
3 . (2)

As a second step (Case 2), see Eq. (3), we modify the model so that, instead of
being a sum of the three variables, y results from different combinations of sums
and products:

y = (x1 � x2 � x3)
1
3 , (3)

where � represents either addition (+) or multiplication (×). We introduce a
trigger ζ, which can take eight possible values, to determine the model type.
This allows us to test all possible model combinations (I0,..,7) defined in Eq. (4):

y =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(x1 + x2 + x3)
1
3 if ζ = 0

(x1 + x2 × x3)
1
3 if ζ = 1

(x1 × x2 + x3)
1
3 if ζ = 2

(x1 × x3 + x2)
1
3 if ζ = 3

[x1 × (x2 + x3)]
1
3 if ζ = 4

[x2 × (x1 + x3)]
1
3 if ζ = 5

[x3 × (x1 + x2)]
1
3 if ζ = 6

(x1 × x2 × x3)
1
3 if ζ = 7.

(4)

As a third step (Case 3), we use a binary trigger ξ to switch each variable xi

between two distributions that share the same mean and variance (I0,1) defined
in Eq. (5):

fi(xi) ∼
{
U (a = 0, b = 1) if ξ = 0
N[0,1](μ = 1

2 , σ2 = 1
12 ) if ξ = 1.

(5)

3 Results

Let us now calculate Sobol’ indices [17] on the model output y for each test case.
The total order sensitivity index (Ti) gives the total strength of a factor, by
itself plus via all its interactions with the other factors. Instead, the first order
sensitivity index (Si) gives the strength of a factor by itself, and is equal to
the expected reduction in the variance of the output that would be achieved on
average if a factor Xi could be fixed. In this work, we consider as model output
the actual value obtained from y.

If we consider Case 1a (see first row, first column of Fig. 1), we observe
that there are almost no interaction terms since the model is quasi-additive (Eq.
(1)). In fact, the total indices are equal to the first-order indices. Instead, if we
consider Case 1b (see first row, second column of Fig. 1), we observe that some
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Fig. 1. Sobol indexes calculated on y for each test case.

interaction terms are present, since the model is multiplicative (Eq. (2)). If we
consider Case 2 (see second row, first column of Fig. 1), where, with respect to
Cases 1a and 1b we introduce the choice of the model function (trigger ξ), we
observe that the structural uncertainty driven by ξ dominates the variance. If we
consider Case 3 (see second row, second column of Fig. 1), where, with respect
to Case 2, we introduce the choice of distribution (trigger ζ), we observe a slight
increase in interaction terms flagged by the increase in effective dimension, see
Table 1, while the variance remains dominated by the structural parameter ξ.
With Case 3 the total variance decreases (Table 1) as a result of the introduction
of normal distributions, that make the input more concentrated (less uncertain)
than is the case of uniform distributions.

Table 1. Variance and coefficient of variation of Y . Mean dimension (MD) represents
the index proposed by Hoyt and Owen (2021) [6] that quantify the force of the inter-
action among model inputs. MD is defined as

∑k
i=1 Ti, where Ti is the total order

sensitivity index and k the number of model input considered in the analysis. Note
that MD varies in [1, k].

Case 1a Case 1b Case 2 Case 3

Variance 0.019 0.038 0.072 0.052

Coefficient of Variation 0.122 0.462 0.336 0.278

Mean Dimension 1.032 1.067 1.117 1.193

K 3 3 4 5

4 Discussion

The results presented highlight how the nature of uncertainty influences the
structure and complexity of model outputs. In particular, we observe that the
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introduction of structural uncertainty moving from Case 1 to Case 2 doubles
the variance of the output and increases the effective dimension of the prob-
lem [6], suggesting that models incorporating structural variability inherently
exhibit greater complexity. This didactic example underscores the importance
of explicitly accounting for structural uncertainty when conducting sensitivity
analysis: approaches limited to variations in input parameters may underesti-
mate the full extent of uncertainty in real-world applications [14,19]. Finally, in
practical applications such as composite indices, e.g., the Human Development
Index [10], understanding the implications of different aggregation rules is crit-
ical. As discussed in [12], the choice between quasi-additive and multiplicative
aggregation is not neutral and can significantly impact both the robustness and
the policy implications of the measure. These results call for attention toward
best practices for model selection, particularly in policy-relevant contexts where
uncertainty quantification is crucial for decision-making.
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