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The Recurrent Hopfield Mass Model (RHoMM) is a novel generative model developed for the estimation of large-
scale effective connectivity from magnetoencephalography (MEG) Band Limited Power signals. This binary mass
model, compared to the other popular generative models, has the advantages of being data-driven and in
principle scalable to encode large-scale systems interactions.

The aim of this work is to evaluate the scalability of the RHoMM and to optimize it at different network sizes
(20-200 nodes). Specifically, using simulated objective networks with different architectures, we analysed the
effects of L1 rows’ normalization and of the addition of a bias in the training. We obtained that in RHoMM
without normalization wider intervals of larger learning rates and convergence speeds, associated with lower
errors in the inference of the effective connectivity matrix, can be obtained compared to the implementation with
normalization, independently from the objective network architecture. Thus, the selection of the learning rate in
this case is less critical than with normalization. To also validate the model on experimental data, we employed a
dataset of MEG recordings from 10 subjects and a network size of 155 nodes. The obtained results suggest that

the model could be effectively scaled to estimate standard-size MEG connectomes.

1. Introduction

Evaluating the brain’s anatomical and functional organization and
understanding its architecture of communication is one of the main
challenges of the neuroscience community. While physical models of
single spikes have been proposed and tested for decades (Hodgkin,
1952), the processes that support collective neural behaviour in
large-scale cortical systems are still unclear (Breakspear, 2017).

From the perspective of network neuroscience and graph theory
(Basset, 2017), the neuronal system can be described by a set of struc-
tural and functional modules connected through hubs with specific
temporal dynamics (de Pasquale, 2018; de Pasquale, 2012; de Pasquale,
2016; de Pasquale, 2021). It has been shown that spontaneous brain
activity is organized in functionally specialized large-scale networks

* Corresponding author.

(resting state networks, RSNs) and that this functional organization of
the human brain at rest reflects its dynamical capabilities (Deco, 2013),
based on the balance of the integration and the segregation of different
areas and functions (Friston, 2011a). Unravelling the mechanisms
mediating long distance cerebral communication holds the key to
deciphering how information is processed, integrated, and transmitted
throughout the brain. Yet, its complexity makes this task very
challenging.

In this context, generative modelling aims to unravel the mecha-
nisms of brain communication through the generation of synthetic
network architectures which produce activity dynamics with the same
properties of the collected data, allowing for the mapping from conse-
quences to causes through hidden brain states (Friston, 2011a; Magrans
de Abril, 2018). However, the identification of generative models
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providing the underlying patterns of inhibition/excitation (effective
connectivity) is still a debated issue. Among the different classes of
generative models, Neural Mass Models (NMM) are extremely useful,
since they abstract the activity of neural populations into aggregate
variables, allowing a simplification of the complex interactions within
neural populations while capturing essential features of brain dynamics
(Breakspear, 2017).

Different NMMs have been developed to explain the functional or-
ganization of Resting State Networks both with fMRI and MEG/EEG
(Betzel, 2016; Betzel, 2017). Among the most popular, a variant of
Kuramoto model employs coupled and delayed local oscillators to model
large-scale connectivity (Cabral, 2011; Cabral, 2014a; Cabral, 2014b).
This model though is based on a-priori knowledge of structural con-
nectivity through DTI supported by assumptions on the oscillation fre-
quency to reduce its complexity. Another commonly used class of
generative models is dynamic causal modelling (DCM) (Friston, 2014;
Friston, 2011a; Friston, 2011b; Kiebel, 2008), that uses Bayesian infer-
ence techniques to estimate effective connectivity. This class of models
requires prior knowledge about the neurophysiology of brain networks
and has an expensive computational cost due to its complexity. For these
reasons, it is mainly used in the context of small networks — especially
with MEG data — and applied to larger networks (Frassle, 2017; Frassle,
2018; Frassle, 2021) only with fMRI data and with a set of simplifying
assumptions.

In general, most of what we know about large-scale integration
comes either from structural studies from which aspects of temporal
organization are inferred (Cabral, 2011; Cabral, 2014a; Cabral, 2014b),
or from fMRI-based functional studies that allow to study this integra-
tion at low temporal resolution (Friston, 2014; Frassle, 2021; Frassle,
2018; Frassle, 2017). On this ground, one of the main challenges is to
design a large-scale model of brain activity using electrophysiological
methods that allow for higher temporal resolution, such as MEG.

In this context, a novel generative model, called the Recurrent
Hopfield Mass Model, has been developed to estimate large-scale
effective connectivity encoding the temporal dynamics of MEG band-
limited power (BLP) time series (Gosti, 2024). RHoMM is a binary
mass model whose dynamics is determined by a Recurrent Hopfield
Neural Network (Hopfield, 1982), composed of McCulloch-Pitts neurons
fully and asymmetrically connected through a set of weights (the
effective connectivity (Friston, 2011a)). While Hopfield models — and
recurrent neural networks in general — are typically adopted at the
microscale level to model small-scale neuronal population (Hopfield,
1982; Folli, 2018; Gosti, 2019; Leonetti, 2020; Grossberg, 2007; Gross-
berg, 1975; Lansner, 2009), the application of RHoMM to the meso-scale
MEG sources implied a different interpretation of the model design. Its
application to a network consisting of a relatively small number of
neurons (45) promoted it as a suitable model to be used in system
neuroscience.

Compared to the popular generative models, RHoMM has the
advantage of being data-driven, since it is not based on any biophysical
model or prior, but only on a minimal number of assumptions (Gosti
et al., 2024). Specifically, these assumptions are: I) the possibility of
binarizing the BLP without affecting their non-linear dynamics and the
associated functional connectivity (FC) patterns; II) the ability to predict
the activity at a certain time step based only on the previous one; III)
negligible autapses; IV) asymmetric connections between the neurons;
V) the model is trained using Perceptron Learning training procedure
with Back Propagation Through Time (BPTT). The fact that it is less
constrained than other assumption-based approaches, allows it to
intrinsically model the non-linearity of neural dynamics, without,
however, increasing its complexity, since there are fewer parameters
and hypotheses involved.

These features make RHoMM theoretically scalable to encode larger
network sizes — comparable to functional connectomes - and lead to a
framework that could be enriched by additional parameters that can
improve the model performance.
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In this scenario, the objective of this work is to evaluate the scal-
ability of RHoMM using synthetic networks with up to 200 nodes and to
optimize the model through the identification of a convergence range of
hyperparameter values that allows a trade-off between performance and
computational cost for networks with different sizes. We also explored
the effectiveness of normalizing the network weights during RHoMM
training, as we already applied the weight normalization in (Gosti et al.,
2024). Furthermore, we evaluated the effects of adding a parameter by
introducing a bias in the training process of the network, since this might
improve the speed of learning and the model ability to store complex
patterns.

To further validate the method and strengthen the claim that we can
extend the findings reached on synthetic data to real MEG connectomes,
we then performed an analysis on experimental MEG data. We used a
dataset of 10 subjects (26 runs), and we extracted the BLP on a parcel-
lation scheme of 155 nodes belonging to 9 Resting-State Networks,
covering the whole cortex.

2. Materials and methods
2.1. The model

The Recurrent Hopfield Mass Model is a binary mass model designed
to estimate large-scale effective connectivity from source-level MEG
band limited power (BLP) signals, through the optimization of predic-
tion ability on the experimental data (Gosti, 2024). The dynamic evo-
lution of this novel generative model is determined by a recurrent
Hopfield Neural Network (Hopfield, 1982), based on binary
McCulloch-Pitts neurons with all-to-all asymmetric connections defined
through a set of weights. These weights form a weight matrix, i.e. the
effective connectivity matrix, that encodes the network’s entire dy-
namics and is estimated through training.

In this model, at each time sample, the state of the network neurons
(1-active, O-rest) is determined by a weighted sum of the inputs, based
only on the previous time sample (t-1):

Si(t) —g[iJUSj(t—l):| (1)

where s;(t) is the state of the neuron i, n is the number of neurons, 6(x) is
the activation function (Heaviside step function: 8(x) = 0 for x < 0, and
0(x) =1 otherwise), and J; are the elements of the effective matrix
indicating the influence of the node j on the node i, where we assume
negligible autapses (J; = 0).

To estimate the effective connectivity and predict the evolution in
time of the network activity, the model is trained as a feedforward
neural network wusing Perceptron Learning training procedure
(Carpenter, 1989) with Backpropagation Through Time (Werbose,
1990). This training method can be derived from a gradient descent
(GD) approach which minimizes a cost function that quantifies the
incorrect predictions of the network activity state at time t given the
activity state at time t-1 (Gosti, 2024).

During the training process, the model is initialized with random
parameters and the weights of the effective connectivity matrix (J;) are
gradually adjusted to encode the observed brain dynamics with as few
errors as possible. At each step of the BPTT, the estimated Jj is perturbed
in order to minimize the cost function using all the transitions pre-
dictions:

Ji — ag 2)
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where a is the learning rate, E is the cost function (mean square error), m
are the time samples in the time series and N is the number of neurons.

The BPTT algorithm is run for a given number of steps, until the cost
function reaches a minimum, which may not be zero due to the model
assumptions or intrinsic data noise. We expect this minimum to reach
the value zero when we use simulated data, since we are using the same
model for the simulations and the estimations, further the noise is zero.

The trained matrix of weights represents the effective connectivity,
which encodes the temporal dynamics of MEG binary BLP time series
and can be used to generate predictions of the experimental data.

Compared to other popular generative models, this approach has the
advantages of being simple, since only three hyperparameters are
involved in the training: the gradient descent learning rate a, the
number of gradient descent steps Ngiep and the number of transitions
Nirans. Furthermore, RHoMM is based on a minimal number of as-
sumptions linked to specific data features (Gosti, 2024). These charac-
teristics make the model theoretically scalable to encode large-scale
systems interactions and suggest its suitability for extensive applications
resulting from the investigation of inhibition/excitation dynamics at
different temporal and spatial scales.

2.2. Simulated data

To assess the face validity of the model we used binary time series
simulated by applying RHoMM equation (Eq. 1) to synthetic connec-
tivity matrices, called objective matrices. We then performed an
hyperparameters search (Bergstra, 2012), where we studied RHoMM
behaviour under different working conditions (see section 2.2.2 for
more details), in order to optimize its prediction performance (error
function) for different objective networks and network sizes. We
employed synthetic data to examined whether applying the RHoMM
framework to the obtained binary sequences we could faithfully recover

Noisy Small
World Network

/\Transltlon
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the ground-truth synthetic matrices. Notably, while we use Eq. 1 to es-
timate the N states at time t from the N states at the previous time t-1, it
is not obvious that, by applying RHoMM to the generated sequences, we
obtain a trained matrix overlapping with the objective one. As a matter
of facts, we will show how the selection of different hyperparameters
impacts on the ability of RHoMM to retrieve the target matrix, so that
RHOMM is successful only for specific partitions of the hyperparameter
space.

The same simulation procedure was also adopted in Gosti, 2024 on
random dense graphs with 45 nodes. We extended this setup, to assess
the face validity of the model on larger networks and different network
architectures.

With this purpose, we used four different network models repre-
senting theoretical communications architectures potentially underly-
ing Resting State Networks: a small-world architecture, a random dense
network and two graphs with different modular structures. This allowed
us to explore the functioning of the model with some extreme theoretical
cases so that we could reasonably assume its correct functioning in the
estimation of intermediate and closer-to-reality architectures. For each
architecture we created networks with different sizes, ranging from 20
to 200 nodes, to evaluate the scalability of RHoMM. For every combi-
nation of network architecture and size we performed the hyper-
parameters search, to identify a trade-off between performance and
computational cost that could be extended to networks with different
architectures and different numbers of nodes.

We operated according to a data analysis pipeline divided in three
stages (Fanini, 2024). The overall analysis and optimization process is
described in Fig. 1. First, we generated the simulated dynamics from the
random networks which we call objective networks. Second, we pro-
cessed the simulated dynamics to infer the estimated effective connec-
tivity. Third, we compared the estimated and the objective connectivity
to evaluate the efficacy of RHoOMM.

Recurrent Hopfield Mass Model
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Fig. 1. Overall analysis process. From the objective matrices, we generated simulated binary MEG BLP temporal transitions, that we used as input to the Recurrent
Hopfield Mass Model. To evaluate the scalability of the model and its operating range we performed a hyperparameters search for networks with different archi-
tectures and different sizes. Moreover, we evaluated the effectiveness of the normalization of the J;; weights at each GD step and we explored the effect of the addition
of a bias in the training of the neural network. We computed the prediction error to study the convergence, and we employed the mean square error between the

ground truth and estimated matrices as an evaluation metric for the performance.
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The simulations and the data analysis were performed using Python
3.10.

2.2.1. Network architectures and MEG simulated data

Following the procedure applied in Gosti et al. (2024), we generated
synthetic MEG binary power transition by applying RHoMM equation
(Eq. 1) to simulated connectivity matrices with different architectures,
to explore RHoMM s ability to retrieve different theoretical connectivity
architectures. Specifically, we generated adjacency matrices with four
different network models: small-world, dense random, two modules
partition and Gaussian modules partition.

Fig. 2 shows the main difference between the architectures: small-
orld networks are sparse, have more edges between nearby nodes, and
were typically associated with functional and structural connectivity
matrices (de Pasquale, 2018, Bullmore and Sporns, 2009). Random
networks are used as null models to evaluate statistical significance of
topological measures obtained from functional and structural connec-
tivity matrices, and they could also represent a target topology for pa-
thologies where connectivity is altered by dysfunction or degeneration
(see e.g. Rubinov, 2009). Two-module networks and Gaussian module
networks are modular architectures characterised by different numbers
and sizes of modules. They allow the introduction in RHoMM framework
of the concept of modularity — a hallmark of real brain functional
networks.

As an example, in Fig. 2 we only report the adjacency matrices of the
networks with 150 nodes. The complete Fig. showing the other network
sizes can be found in the supplementary materials (Fig. S1).

Fig. 2A was made with Aton which is part of the H2I0SC open cloud
(Fanini, 2021) and can be interactively viewed with the following URLs:
https://aton.ispc.cnr.it/s/ggosti/20240913-UCijcj050 and https://at
on.ispc.cnr.it/s/ggosti/20240913-xmxrhg4v6.

The small-world networks were obtained using the Watts-Strogatz
algorithm with 4 nearest neighbours and a rewiring probability of 0.3.
To make this configuration more realistic, we added some random noise,
replacing 30 % of the zero-elements with non-null weights with an
amplitude equal to 1/5. This was critical especially in the larger con-
nectivity matrices where having only 4 connected nearest neighbours
for each node was far from usual architectures reported in the literature.

For the dense random network, we created model-free matrices with
non-zero random weights uniformly distributed between -1 and 1 and

A Small-world

Two Modules
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then selected a minimum threshold for the weights’ amplitude equal to
0.2 and set to zero the values below the threshold.

For the two-modules architecture we used a generalization of the
planted-l-partition algorithm described in Fortunato, 2009. We created a
partition graph of two modules with N/2 size (where N is the number of
nodes of the graph) and with randomly assigned weights, uniformly
distributed between -1 and 1. We built the graph imposing a probability
of edges of 0.8 within groups and of 0.1 between groups.

The Gaussian random partition graphs were obtained by creating k
partitions each with a size drawn from a normal distribution with mean
N/6 and variance N/60 (Brandes, 2003). Nodes were connected with the
same probability as for the two-modules partition graph, within and
between clusters.

From these artificially generated objective networks we generated
the synthetic binary MEG BLP temporal transitions applying the
RHoMM equation (Eq. 1) to random initial conditions. More specifically,
these synthetic binary sequences were generated applying Eq. 1 to T
initial conditions of N binary states (1 for active neurons, O for resting
ones), where N is the number of nodes. These initial conditions were
generated randomly, without any constraints on the binary states dis-
tribution and without specifying an initial random seed. At each time
step, the N binary states s’ were generated according to Eq. 1, using the
states at the previous time sample (t-1), and each initial random binary
state was used to generate the state at the first time sample.

Starting from different random seeds, we generated four replicas of
each objective matrix.

These synthetic binary sequences were then the input of RHoMM to
retrieve the related estimated Jij matrices.

2.2.2. Optimization of the model hyperparameters

To extensively evaluate RHoMM behaviour when changing the net-
work’s size and architecture, we also tested different implementations of
the generative model. Specifically, given networks with an increasing
number of nodes (from 20 to 200) and following parameter optimiza-
tion, we evaluated RHoMM ability to encode dynamics of large-scale
systems.

For the three hyperparameters involved in the RHoMM training - the
gradient descent learning rate, the number of transitions (layers of the
network) and the number of gradient descent steps- we adopted the
following strategies.

Gaussian Modules

-1

Gaussian Modules

-1

Fig. 2. Network representations. (A) 3D representation of the four different architectures with weights represented with colours. (B) Adjacency matrices with 155
nodes of the four different graph architectures: small-world, two-modules, Gaussian modules and dense random.
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For each network architecture with a fixed number of nodes, we
tested the algorithm for different values of the learning rate and
numbers of temporal transitions (Table 1), to evaluate the changes in the
convergence and in the performance of the model. The learning rate o
must be chosen carefully because it determines how fast the learning
network changes at each iteration of the gradient descent algorithm.
More precisely, for each value of learning rate and number of transitions
we ran the BPTT for a certain number of steps Ngteps or until the cost
function reached a plateau (Bottou, 2012), that we expect to be zero,
since we are working with simulated signals. If the value of « is too small
the learning algorithm requires an infeasible time to reach the local
optimal value. Contrarily, if the value is too high it can miss the local
optima. For larger a the algorithm converges faster to the optimal
reconstruction error, but after a critical value of a, it does not converge
to the optimal reconstruction anymore. This trend mildly depends on the
network architecture.

The maximum number of GD steps was selected close to the optimal
values obtained in Gosti et al., 2024, but usually the number of steps
needed for the cost function to reach a plateau was smaller than this
value and was retained to evaluate RHoMM performance. The search
interval of the learning rate and of the numbers of transitions were
chosen in a range including the optimal values in the same work. For
each hyperparameter, we report the range of values employed in the
search in Table 1.

2.2.3. Optimization of RHoMM training

In parallel with the hyperparameters search, we evaluated the
impact of the normalization of the J;; weights and the addition of a bias
neuron in the model.

Since RHOMM is invariant under the multiplication of each J;; row by
an arbitrary positive value a; (Eq. 4), the original work (Gosti, 2024)
includes the L1 normalization of the estimated adjacency matrix at each
gradient descent step, using Eq. 5:

- i

;s
The weight normalization should have the aim of preventing an
excessive growth of the network weights and of allowing the use of
larger learning rates, thus reducing the computational costs (Yuan &
Xiao, 2019; Zhang et al., 2015; Liu et al., 2022; Salimans & Kingma,
2016).

However, learning dynamics in neural networks are very sensitive to
the norms of the weights and the different weight normalization tech-
niques are still a debated issue and not yet widely adopted (Hoffer et al.,
2019; Li et al., 2020; Biswas, 2024).

For this reason, in order to carry out a more exhaustive analysis of
the model behaviour for larger networks, we ran the simulations with
and without normalization and we compared the results to select the
best procedure to adopt for the RHoMM training.

We eventually explored the impact of the addition of a bias in
RHoMM training. To investigate if this approach could influence the
model behaviour in terms of convergence and performance, we ran the
simulation both with and without the bias addition and compared the
outcomes.

)

=

Table 1
Range of values involved in the hyperparameters search.

Hyperparameters Ranges of values

GD learning rate () 923 93
GD maximum n° steps (Nizeps) 4.103
n° transitions (Nirans) 200 - 2000
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The Eq. 6 describes the evolution of the brain state s;(t) in each
neuron with the addition of the bias b.

si(t) = 0w + by with u; = > Jys;(t— 1) (6)
j=1

The use of the bias b; has the effect of applying an affine trans-
formation to the output y; of the linear combiner in the model of a single
McCulloch-Pitts neuron (Haykin, 2009). In particular, depending on
whether the bias is positive or negative, the argument of the activation
function 6 is modified as described in Eq. 6. As a result of this trans-
formation, the bias introduces a shift in the activation function that no
longer passes through the origin. This means that, in this model, the
neuron i would need a higher or lower input intensity to switch to the
active state (s;(t) = 1).

The bias b; is an external parameter of the neuron i but it can be
equivalently considered as a new network weight of an added input
signal fixed at +1. Training the bias together with the other network
weights means training the neurons’ activation threshold based on their
previous states.

The addition of the bias introduces a new parameter in the model
that represents the susceptibility of the network neurons (which in the
RHoMM are meso-scale brain areas). This could lead to an improvement
in the training outcome, in the speed of learning and in the ability of the
model to store complex patterns, as the model could more easily adapt to
data. On the other hand, adding a bias introduces additional parameters,
increasing the risk of overfitting if the model is already close to the
required representation capacity.

2.2.4. Model evaluation and statistical analysis

To study the convergence of the model we analysed the trend of the
prediction error (Eq. 3), which is equivalent to the average number of
incorrectly predicted items at each time sample, since s;(t) and 5;(t) are
binary. In fact, given that we conducted the analysis in a controlled
environment using simulated data, we expect the prediction error to
reach the zero value in case of convergence. Therefore, for each network
we can identify a hyperparameters range of convergence inside which
the prediction error is zero.

As an evaluation metric for the performance, we employed the Mean
Square Error (MSE) between the ground-truth objective matrix and the
estimated one:

1
MSE=33" (5= Jy )* %)

We repeated each simulation using 4 replicas of each matrix archi-
tecture and size.

For the small-world networks and the dense matrices, we compared
the results obtained using four different model implementations, also
testing every combination of hyperparameters:

e without bias and without normalization,
e without bias and with normalization,

e with bias and without normalization,

e with bias and with normalization.

We implemented a Kruskal-Wallis test (Kruskal, 1952) to evaluate
the significance of the changes in the convergence and in the perfor-
mance inside the convergence range caused by the implementation of
the normalization procedure and by the addition of the bias. With this
purpose we selected the largest value of the learning rate at which the
model converged and its related MSE and we compared these values
between the different implementations.

For the modular architectures, we evaluated RHoMM convergence
and performance only in the setting without normalization and bias, as
the simulations with small-world and dense networks had already
identified this training configuration as the optimal one. As a matter of
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fact, given that small-world and random dense networks represent
contrasting extremes with respect to structural properties such as
modularity, it is reasonable to assume that the performance trends
observed in these two cases can also be generalized to modular
architectures.

On the results obtained using the optimal training configuration, we
then performed a Mantel test (Mantel, 1967) to determine the signifi-
cance of the correlation between the objective networks and the esti-
mated ones, establishing in this way the ability of the model to
reproduce the data.

2.3. Experimental Data

As described in the previous sections, the objective of using synthetic
data was to verify the ability of the model to retrieve a target effective
connectivity matrix and to analyse how different hyperparameters could
affect this ability, with a ground-truth to compare the results with and a
better control and understanding of data characteristics and variability.
Although using synthetic data simplifies development, it also risks
overestimating model performance on experimental data. As a matter of
facts, real MEG data can introduce damaging effects — such as noise,
artifacts, volume conduction and nonstationarity — that can lead to
distorted results or instability. On the other hand, an experimental
dataset could also have beneficial effects (physiological constraints,
variability, complexity) that can improve robustness and ecological
validity of connectivity estimation.

To further corroborate the hypothesis that the model could reliably
estimate the effective connectivity matrix underlying cerebral binarized
power time courses and generate binary time series with the same
functional properties of the experimental ones, we decided to include in
the manuscript also an analysis and model validation on MEG experi-
mental data.

2.3.1. Preprocessing and binarization

We selected a subset of 10 subject from the dataset published in de
Pasquale et al., 2021. Each subject underwent two or three resting-state
runs (lasting 3 or 5 min), during which the subjects maintained fixation
on a small visual target. In total, we analysed 26 runs. Neuro-magnetic
signals (filter settings 0.16-250 Hz, 1025 Hz sampling rate) were
recorded using the 153-magnetometer MEG system installed in a 4-layer
magnetically shielded room at the University of Chieti (Della Penna
et al., 2000). The recordings have been preprocessed to separate envi-
ronmental and physiological (e.g., cardiac, ocular) artifacts from the
sensor space MEG time series using an ICA-based approach (Mantini
et al,, 2011 ) and retain only ICs that were not artifacts for further
analysis. Then, the sensor weights of the non-artifactual ICs maps were
projected into the source space (a 3D isotropic Cartesian grid with 4 mm
step) using a Weighted Minimum Norm Least Square (WMNLS) esti-
mation. The source vector activity of every voxel in the 3D grid was
obtained as the linear combination of IC time courses weighted by the
corresponding source maps, consisting of a current dipole with 3
orthogonal directions for each voxel. The individual 3D grid was then
projected into the MNI 152 atlas space so that every voxel centroid was
assigned to a set of MNI coordinates.

Finally, for a selected set of voxels (see below) source-space Band
Limited Power (BLP) time series in the alpha [7-14 Hz] and beta [14-25
Hz] bands were estimated as the sum over the 3 directions of the squared
signal averaged over 200 ms windows sliding every 20 ms to cover the
entire resting-state run.

The BLP was extracted on a parcellation scheme of 155 nodes
belonging to 9 Resting-State Networks, covering the whole cortex (de
Pasquale et al., 2021), as shown in Fig. S2 of the supplementary mate-
rials: Dorsal and Ventral Attention (D/VAN), Somatomotor (SMN), Vi-
sual (VIS), Auditory (AUD), Language (LAN), Default Mode (DMN),
Fronto Parietal (FPN), Control (CON).

The fundamental unit of RHoMM is the McCulloch-Pitts neuron,
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which can only assume two discrete values: zero at rest and one when
active. For this reason, to be able to associate each seed voxel with the
network neurons, we transformed the BLP continuous signals into binary
time series, assigning the value of 1 to significantly large power values as
in the following. After normalizing the signal of each seed voxel between
0 and 1, we computed the binarized time course at a fixed threshold, that
we imposed equal to two standard deviations above the mean of the
envelope distribution. The binarized seed BLP time courses constitute an
n-dimensional vector (t), representing a sequence of brain’s states, used
to estimate the effective connectivity matrix.

To support the scalability hypothesis, we decided to also train the
model on a connectome with a sparser parcellation scheme, so that we
could directly compare the results obtained with different network sizes.
Therefore, we selected a subset of 45 nodes from the 155-nodes par-
cellation, choosing the nodes closest (based on the Euclidean distance)
to the parcelling used in Gosti et al., 2024.

2.3.2. RHoMM validation on experimental data

We estimated the effective connectivity matrices using the following
hyperparameters, based on the results obtained with the simulations:
Nstep= 1000, Ntrans=700, a= 4, for 45 and 155 nodes. Then, to assess if
the effective connectivity matrix estimated by RHoMM captures the
collective dynamics of the node set, we produced simulated binary BLP
timecourses as in Gosti et al., 2024. Specifically, for each run, we applied
the corresponding RoOHMM to an initial random state, consisting of 155
binary elements. The initial state was selected randomly from the set of
states of the binarized experimental BLP, to have a realistic pattern of
active and inactive neurons. This initial state evolved until it reached an
attractor producing a binary time sequence with variable length. This
procedure was repeated 5000 times, and the resulting time sequences
were concatenated to produce a simulated run. Finally, for each band,
we compared the correlation matrix estimated from the binarized
experimental signals with the one obtained from simulated runs using
RHoMM. Specifically, we estimated the Pearson’s correlation matrix for
each run of both experimental and simulated signals and we normalized
the correlation values by applying a z-Fisher transformation.

To evaluate the statistical significance of the comparison between
simulated and experimental connectivity matrices, we applied the
Mantel test on the average functional connectivity matrices.

3. Results
3.1. Simulated data

3.1.1. Effects of normalization

We first analysed the impact of normalization on the model
convergence, without bias. With this purpose, we computed the pre-
diction error at each step of the gradient descent. When the model
converges to the optimal reconstruction, the prediction error reaches the
value zero, while if the error decreases until a plateau different from zero
two phenomena may have occurred: either the learning algorithm needs
more steps to reach convergence, or it is missing the local minimum. The
outcome depends on the chosen hyperparameters, and it can be influ-
enced by the network size and architecture, and by the normalization
process adopted in the training.

Thus, for each network size, we analysed the prediction error trends
when varying the gradient descent learning rate and the number of
transitions. We applied the model on the dense and the small world
network architectures, we ran the simulations both with and without
normalization, and we compared the results.

Here, to better understand how the convergence changes for the
different implementations, we report the best error, i.e. the value of the
prediction error at the last step of the gradient descent. Given that we
considered a number of GD steps sufficiently large for the algorithm to
reach convergence, if the best error is zero, the model converges while if
it is a positive value it means the model reached a plateau different from
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zero at the end of the training.

Fig. 3 shows the mean and standard error of the best error computed
on the replicas for the dense architecture, without (Fig. 3a) and with
normalization (Fig. 3b). For each network size, the best error is repre-
sented as a function of the learning rate alpha and the different number
of transitions (different colours). From these results we can observe in
general that, in the small alpha range, the best error decreases as the
learning rate increases until it reaches the value zero when the model
converges at the optimal learning rate values. However, while without
the normalization the model still converges for a wide range of learning
rates up to large values, the normalization has the effect of narrowing
the alpha range of convergence. So, even if the prediction error reaches
the zero value for smaller learning rate with the normalization, the
model stops converging for larger values of alpha. Furthermore, while
without normalization the convergence alpha range is only mildly
dependent on the number of nodes and transitions, the latter parameters
are more critical when the normalization is applied, requiring their fine
tuning and a careful selection of alpha especially when the number of
nodes is changed. For the dense architecture, in the supplementary
materials (Figs. S3 and S4) we show the prediction error trends of each
replica, for different learning rates, number of nodes and number of
transitions. While the trends without normalization are monotonically
converging as alpha increases, with only a tiny dependence on the
number of nodes, with normalization the prediction errors are never
converging for larger alpha, in an interval that depends on the number of
nodes and transitions.
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For a smoother narrative, we report the results obtained on the best
error for the small-world network in the supplementary materials
(Figs. S5a and S5b), since there are no significant differences in the
trends.

Notably, since the convergence speed depends on the learning rate
and the number of steps required by the algorithm to converge, in Fig. 4
(and Fig. S6) we report the convergence ratio (alpha/convergence steps)
as a function of alpha. When no normalization is applied, the conver-
gence ratio is tiny for small alpha and increases rapidly for alpha >10°,
Conversely, with normalization this ratio is at most some orders of
magnitude lower than with normalization, and in a small alpha interval.
Overall these results suggest a faster convergence of the model without
normalization.

Furthermore, to evaluate the ability of the model to estimate the
objective matrix in the convergence interval and better characterize this
interval, we computed the Mean Square Error between the objective and
estimated networks. For each network size, we analysed the MSE when
varying the gradient descent learning rate and the number of transitions,
and we compared the results obtained with and without normalization.
In Fig. 5 we can observe the mean and the standard error of the MSE
computed on the replicas for the dense architecture, with and without
normalization (the results for the small-world network are shown in
Fig. S7). The MSE generally decreases while approaching convergence.
However, while in the absence of normalization the error stabilizes at
the minimum value for increasing learning rates, when the normaliza-
tion is applied, we can observe a minimum and then an increase in the
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normalization, in the case of the dense architecture. The metric is shown for different network sizes as a function of the GD learning rate (alpha) and of the number of
transitions, that are represented by the different colours. The best error is computed as the prediction error at the last step of the training.
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this ratio, the higher the speed of convergence for each alpha. The plots show: (a) convergence ratio for the model without bias and without normalization; (b)

convergence ratio for the model without bias and with normalization.

MSE for larger learning rates above the convergence interval. In both
cases, the smaller is the number of transitions, the larger is the error,
suggesting to preferably select a larger number of transitions. Similar
results are obtained for the small-world network (Fig. S7).

Finally, in Fig. 6, we summarize the above results including statis-
tical comparisons among the different implementations of the model. In
Fig. 6[left] we report how the alpha convergence range for each network
size and for the different numbers of transitions varies across the
different implementations of the model, for the dense network archi-
tecture. From this plot we can better appreciate both the shift of the
alpha interval of convergence to lower learning rate values, and the
general narrowing of this range when normalization is applied. The
latter is confirmed by the Kruskal-Wallis test of the largest values of
alpha for which the model converges (Fig. S8[left]), suggesting that the
model without the normalization converges for significantly higher
values of the learning rate than the normalized version (p-value < 10'8).

A further plus towards the removal of normalization is obtained
when comparing the MSE values inside the convergence interval, shown
in Fig. 6[right] for the dense network (see Fig. S14 for the small-world).
Here, we report for each network size the distribution over transitions
for the different model configurations (Fig. 6[right]), while in Fig. S8
[right] we show the trend of the MSE values obtained at the largest
converging alpha as a function of the number of transitions and the
different model configurations. Following a Kruskal-Wallis test
comparing the distributions obtained without and with normalization,

we can observe that for a network size > 20 — both for the dense and the
small-world architectures — the exclusion of the normalization from the
training leads to a significant decrease in the MSE (p-value < 0.05). In
summary, these results suggest that in RHoMM without normalization
larger learning rates and convergence speeds compared to the imple-
mentation with normalization can be obtained, with also lower errors in
the inference of the effective connectivity matrix.

3.1.2. Effects of the bias addition

The addition of the bias introduces a new parameter in the model,
which represents the susceptibility of the network neurons (i.e. the
meso-scale brain areas in the RHoMM). We initially hypothesized that
the addition of this information could lead to an improvement in the
model, increasing its flexibility and efficacy.

To test this hypothesis, we repeated all the simulations with the
addition of the bias in the training of the network. Using the simulated
data generated from both network architectures — dense and small-world
—, we trained the model again implementing the bias addition, with and
without normalization, and for all the different combinations of
hyperparameters.

The results did not show significant changes in the convergence and
in the performance of the model. A more in-depth analysis is shown in
the supplementary materials (Figs. S9 — S12), where it’s possible to
observe the trends of the best error and the MSE obtained after the
addition of the bias for both network architectures. Here, to provide a
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Fig. 5. Mean square error without bias (Dense network). (a) mean square error trends for the model without normalization and (b) mean square error trends

obtained for the model with normalization, in the case of the dense architecture

. The MSE is shown for different network sizes as a function of the GD learning rate

(alpha) and of the number of transitions, that are represented by the different colours. The vertical lines in the plots delimit the alpha convergence interval, i.e. the
value of the learning rate where the best error is zero: in (a) the convergence interval is the same for the different numbers of transitions and it is delimited by the
black lines; in (b) the alpha convergence interval changes for different numbers of transitions, so we delimited this intervals with different colours indicating the

different transitions.

more concise picture, we only show the general trend of the alpha
convergence interval and of the MSE at the largest converging alpha
compared to the model results without bias (Fig. 6), for the dense
network. The same results obtained for the small-world architecture are
reported in the Figs. S13 and S14 of the supplementary materials. From
the plots we can observe that there are no statistically significant
changes in the convergence interval and in the MSE trends between the
results obtained with and without bias. As a matter of fact, the Kruskal-
Wallis test returned a p-value greater than 0.8 when comparing the
model with and without bias both in the normalized and non-normalized
case. Furthermore, the test turned out to be significant when comparing
the normalized and non-normalized model after the addition of the bias.

Even though the addition of a bias did not lead to an improvement in
the model outcome in terms of convergence or ability to reproduce the
data, it also did not result in a worsening of the convergence trends
(neither in terms of times nor interval width), nor did it lead to a
decrease of the MSEs. As a consequence of this we can conclude that the
addition of a bias, without negatively impacting the model outcome, still
allows to enrich its information content by taking into account the
susceptibility of the brain areas modelled by the network neurons.

It is important to point out that we tested the model with the bias
addition on objective matrices that were originally built without the bias
neuron. So the fact that the error does not increase with an increase in
the number of parameters means that it is not overfitting the data, rather

it is correctly reproducing the initial objective matrices without the bias
neuron.

3.1.3. Modularity’s effects on RHoMM performance and convergence

The two modular architectures (two-modules and Gaussian modules
partition graphs) allow the introduction in RHoMM framework of the
concept of modularity — a hallmark of real brain functional networks.

To evaluate the optimal model implementation (i.e. with or without
normalization and bias) we only performed the analysis previously
described using the small-world and the random dense architecture.

For the modular architectures, we evaluated RHoMM convergence
and performance only in the setting without normalization and bias, as
the simulations with small-world and dense networks had already
identified this training configuration as the optimal one. As a matter of
fact, given that small-world and random dense networks represent
contrasting extremes with respect to structural properties such as
modularity, it is reasonable to assume that the performance trends
observed in these two cases can also be generalized to modular
architectures.

After training the model without normalization and bias, we ana-
lysed the results to verify if there was a consistency with the results
obtained with the small-world and random dense objective matrices.
With this purpose we computed the convergence ratios, the prediction
errors and the MSEs, to evaluate the convergence and the performance
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of RHoMM for the different sets of nodes, as the hyperparameters

change.

We report the results in the supplementary materials (see Figs. S15-
$17). From these results we observe similar trends of convergence and
performance that we found for the small world and dense architectures,

10

allowing to extend the conclusions reached with these networks to ar-
chitectures with a clear modular structure.

3.1.4. Inference of the effective connectivity matrices
To analyse the ability of the model to reproduce the data over
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different network sizes and architectures, we employed a Mantel test, overall convergence and performance. For these reasons, we performed
comparing the objective matrices and the ones estimated by the model. the test on the results obtained for all four network architectures, using
From the results obtained with the small-world and dense architec- the training setting without normalization and without the addition of a
tures, shown in the previous paragraphs, we could see that the exclusion bias.
of the normalization process from the training resulted in a widening of For the dense architecture, in Fig. 7 we show the Mantel test results
the hyperparameters range of convergence (especially the learning rate) as a function of the learning rate, for a subset of network sizes and
and in a significant reduction of the MSEs inside the convergence in- numbers of transitions (see Fig. S18 for the complete results). Specif-
terval. We could also verify that the addition of the bias in the training ically, we report the trends of the Pearson’s correlation coefficient and
did not actually change this trend, nor did it have an impact on the the p-value obtained for the different replicas. The test always turned
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out significant inside the alpha convergence range, for every combina-
tion of network size and number of transitions, and the correlation co-
efficient increases approaching the convergence interval, where it
reaches values close to one. A similar trend can be observed for the two-
modules partition graph (see Fig. S20 of the supplementary materials).
For the small-world network (Fig. S19), we can observe the same trend
for numbers of transitions lower than 500, while for shorter sequences
the model is not always able to reproduce the data well also inside the
alpha convergence range, especially for larger networks. Being the
small-world network more diluted than the dense, this behaviour could
be linked to a reduced representation capacity of the former, which
would need longer input sequences for the training to better reproduce
larger networks. The same behaviour is observed in the case of the
Gaussian modules partition graph (Fig. S21), where for numbers of
transition lower than 500 and for small networks (N<100), the test not
always turned out significant inside the convergence interval.

Overall, these results show that, inside the hyperparameters
convergence interval, the model is successfully able to reproduce the
data over different architectures and network sizes. As an example, in
Fig. S22 we report, for each architecture, the comparison between the
100-nodes objective network and the corresponding matrix estimated by
RHoMM, obtained with a learning rate of 4 and a number of transitions
equal to 1000.

3.2. Experimental data

To further validate the method and strengthen the claim that we can
extend the findings reached on synthetic data to real MEG connectomes,
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we performed an analysis on experimental data. The objective was to
corroborate the hypothesis that the model could reliably estimate the
effective connectivity matrix underlying cerebral binarized power time
courses and generate binary time series with the same functional
properties of the experimental ones. With this purpose, we included an
analysis and model validation on MEG data obtained from 10 subjects
(26 resting-state runs in total), with a parcellation scheme of 155-nodes.
To support the validity of the scalability hypothesis on experimental
data, we also trained the model on a subset of 45-nodes, selected based
on the parcellation scheme used in Gosti et al., 2024 (see Materials and
Methods).

We estimated the effective connectivity matrices using the following
hyperparameters, based on the results obtained with the simulations:
Nstep= 1000, Ntrans=700, a= 4, for 45 and 155 nodes. As we can
observe from the Fig. 8A-D and S23A-S23D, the mean over runs of the
individual effective connectivity matrices for 155 nodes confirms the
inhibitory role of the VIS and DAN networks for both network sizes,
consistently with the results shown in Gosti et al., 2024 on the 45-node
network.

Then, to assess if the effective connectivity matrix estimated by
RHoMM captures the collective dynamics of the node set, we produced
simulated binary BLP time courses as in Gosti et al., 2024 (see Materials
and Methods for a detailed description). We then compared the corre-
lation matrix estimated from the binarized experimental signals with the
one obtained from simulated runs using RHoMM. Figs. 8 and S23 show
the mean effective connectome for both parcellations and frequency
bands and the related simulated and experimental mean functional
connectomes.
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Fig. 8. Comparison between experimental and simulated functional connectivity matrices in the beta band. The effective connectivity matrix estimated with
RHOMM for the 155-nodes parcellation (A) and the 45-nodes parcellation (D). The experimental FC matrices for the 155-nodes parcellation (B) and 45-nodes
parcellation (E). The simulated FC matrices for the 155-nodes parcellation (C) and 45-nodes parcellation (F).
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To evaluate the statistical significance of the comparison between
simulated and experimental connectivity matrices, we applied the
Mantel test on the average functional connectivity matrices.

In Table 2 we report the Pearson’s correlation coefficient obtained
from the comparison between experimental and simulated functional
connectomes, for the different combinations of network sizes and fre-
quency bands. From the results we can observe that for both parcella-
tions, we obtained a significant similarity through Pearson correlation,
both in alpha and beta band (p < 0.001). This drives us to the conclusion
that the estimated effective connectivity can lead to the generation of
signals with reciprocal statistical dependencies similar to those obtained
from real data. This evidence, already pointed out in Gosti et al, 2024,
can now be extended to real effective MEG connectomes with denser
parcellation (comparable with functional connectomes).

4. Discussion
4.1. Aspects of brain dynamics captured by RHoMM

Frameworks that model brain activity as transitions between states
are highly effective for characterizing neural dynamics. These ap-
proaches generally conceive of “states” as discrete or quasi-stable con-
figurations that capture recurring spatio-temporal patterns of activity.
For example, Hidden Markov Modeling (HMM) describes brain activity
as switching between latent states defined by characteristic activity or
connectivity patterns (Baker et al., 2014; Vidaurre et al., 2017). Dy-
namic Connectivity Analysis (DCA) emphasizes time-varying coupling
between brain regions, often identifying recurrent connectivity patterns
as emergent states (Allen et al., 2014; Hutchison et al., 2013). Energy
Landscape Analysis (ELA), in turn, represents brain activity as move-
ment within a high-dimensional energy landscape, where local minima
correspond to attractor states and probabilistic transitions occur when
the system crosses between basins (Watanabe et al., 2014). Together,
these methods provide complementary descriptions of how brain net-
works organize and reconFig. over time.

In these frameworks, a “state” typically refers to a network-level
spatio-temporal pattern (e.g., a whole-brain connectivity configura-
tion). In contrast, the RHoMM framework defines “states” as binary
vectors describing the activation of all neurons in the network (0 —rest, 1
— active). The system evolves step by step through sequences of these
binary vectors, with some neurons switching between active and inac-
tive according to inputs from other neurons and the learned effective
connectivity. This connectivity encodes the mechanism that drives
transitions from the state at time t to that at t+1. When observing the
model’s behaviour over time—such as which attractors it settles into or
which binary patterns repeat—one begins to see parallels with the
“brain states” described in other approaches.

In RHoMM, attractors manifest as quasi-stable binary activation
patterns of band-limited power (BLP) across meso-scale nodes (MEG-
derived sources). Because the model is a recurrent Hopfield-type system
trained on binarized BLP with asymmetric effective connections, its
landscape supports both fixed-point-like patterns and limit cycles,
rather than only strict fixed points. This phenomenology resonates with
evidence that the resting brain explores a landscape of stable and
metastable configurations, dwelling in one for some time before tran-
sitioning to another (Deco et al., 2019). Accordingly, RHoMM re-
produces resting-state dynamics characterized by quasi-stable patterns

Table 2
Pearson’s correlation values obtained with the Mantel test. All the tests
returned a statistically significant outcome with a p-value < 0.001.

Nodes 155 45
Bands

Alpha 0.68 0.89
Beta 0.84 0.93
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or cycles with non-trivial dwell times, rather than static attractors alone
(Chen et al., 2025). Related models using Hopfield-like dynamics at the
macroscale explicitly recover connectome-constrained attractors and
data-matched transitions, further supporting this alignment (Englert
et al., 2024).

On this basis, a future direction is to examine how the effective
connectivity estimated by RHoMM can be used to predict the functional
organization of the resting brain over time, linking attractor states in the
model with metastable states observed in dynamic functional
connectivity.

4.2. Simulated data

4.2.1. Scalability to larger networks

An aspect to consider when we analyse generative approaches for the
estimation of effective connectivity is the scalability to large network
sizes. The simulations and the analysis that we performed showed that
the RHoMM reproduces the data well over a wide range of network
architectures and sizes, suggesting that RHoMM could represent a
valuable tool for the exploration of different aspects of brain’s
communication with respect to other popular generative models.

As a matter of fact, RHoMM is a generative model with a dynamic
evolution based on a recurrent Hopfield neural network, but, while
Hopfield networks, and in general recurrent neural networks (RNN),
were typically adopted at a microscale level to model small scale
neuronal populations (Hopfield, 1982; Amit, 1985; Gosti, 2019; Leo-
netti, 2020, Grossberg, 2007; Grossberg, 1975; Lansner, 2009), RHoMM
is designed to predict large-scale dynamics from MEG BLP. The appli-
cation of the Hopfield model at different spatial scales in fact required a
different interpretation of the Hopfield model and some modifications,
such as the application of BPTT and perceptron learning, and the
consideration of asymmetric connections, to generate a model capable
of reproducing the whole brain activity dynamics (Gosti, 2024).

One of the most popular generative approaches is the dynamic causal
modelling (Kiebel, 2008; Friston, 2014), that is based on linear dynamic
equations to model the behaviour of neural regions under different
conditions. But as a matter of fact, this class of models, was used on MEG
data only in the context of small networks (Kiebel, 2008; David, 2006;
Lu, 2012; Jafarian, 2020).

In the last years, both RNN-based models (Hahn, 2019; Singh, 2020)
and other generative approaches were applied to larger-scale networks
in some studies but mainly using fMRI data. For example, Hahn et al.
(2019) developed a non-predictive model that reproduces functional
connectivity using DTI and a gradient descent approach. One year later,
Singh et al. (2020) applied a RNN inspired by a neural mass model
(MINDy) to meso-scale fMRI data and were able to estimate the effective
connectivity and reproduce brain meso-scale dynamics. In addition, a
modified version of DCM, called regression DCM, was developed to
analyse larger networks by introducing a convolutional kernel on fMRI
BOLD signals to functionally relate it to neural activity (Frassle, 2017;
Frassle 2018; Frassle, 2021). As a control analysis in Gosti et al., 2024,
we applied an autoregressive dynamical model using the Langevin form
of the DCM evolution equation to retrieve the EC matrix from the source
space BLP of 45 nodes and generate simulated evolutions. The FC matrix
retrieved from the evolutions simulated by RHoMM matched the
experimental FC matrix better than the autoregressive dynamical model,
that maybe was already critical at that network size. Although these
results promoted RHoMM for the analysis of larger MEG BLP networks, a
more extensive comparison increasing the network size is worth inves-
tigating in the future.

Among the neural mass models there is a variant of Kuramoto model
with coupled and delayed local oscillators, that successfully predicted
meso-scale activity of both fMRI and MEG/EEG and that, like RHoMM, is
scalable to encode larger dynamics. Specifically, this model was able to
reproduce fMRI RSN patterns (Cabral, 2011), the spectral content
observed by MEG connectivity (Cabral, 2014a), and the slow and
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structured amplitude envelopes of band-pass filtered MEG spontaneous
signals for networks with 90 nodes (Cabral, 2014b). This model, how-
ever, is based on the a-priori knowledge of structural connectivity esti-
mated through diffusion tensor imaging (DTI) and on simplifying
assumptions to reduce the complexity. Similarly, the other discussed
approaches either rely on the adoption of a specific biophysical model or
priors (Cabral, 2014b; Frassle, 2017; Friston, 2011a), either are
assumption-based, such as DCM, MINDy or the model described by Hahn
et al. (2019).

RHoMM, on the other hand, is designed to model and predict MEG
BLP activity though a data-driven and low computational cost approach,
that - without constraints on topology, directionality and sparseness -
intrinsically models the non-linearity of neural dynamics. These fea-
tures, together with its simplicity (only three hyperparameters are
involved in the training), open to the possibility of scaling the model to
larger numbers of neurons (Gosti, 2024), for networks with sizes com-
parable to functional connectomes (N > 100), as we demonstrated in
this work with simulated networks. Notably, the MSE decreases with the
increasing of the network size (Fig. S8[right]), supporting the hypothesis
that RHoMM is scalable to encode both small-scale and large-scale sys-
tems interactions.

4.2.2. Effect of weight normalization

Weight normalization techniques are increasingly employed in deep
learning as a form of regularization, to speed up convergence and
potentially improve performance (Li et al., 2020; Salimans & Kingma,
2016). These optimization strategies have been developed as an alter-
native or integration to the most widely adopted Batch Normalization
(Ioffe & Szegedy, 2015), whose key assumption of independence be-
tween samples falls short in domains with strong correlation between
samples, such as recurrent networks.

On this ground, the original RHoMM implementation developed in
Gosti, 2024 included the L1 normalization of the estimated adjacency
matrix according to Eq. 5.

However, learning dynamics in neural networks are very sensitive to
the norms of the weights and it’s important to analyse the connection
between normalization practices and learning-rate adjustments (Hoffer
etal., 2019). As a matter of fact, even if scaling the weights by a positive
value does not change the model’s equation (see Eq. 4), it does influence
the updates that are performed during the training, since it entails a
similar scaling in the gradient. In this context, fine tuning the initial
learning rate value could help regularise the learning dynamics,
mimicking the effect of weight decay (Hoffer et al., 2019; Li et al., 2020;
Laarhoven, 2017).

For this reason, in the current work, we decided to further investigate
the effects of the normalization in relation to different values of the
learning rate, and the network depth and width.

From the results obtained we could observe how the rescaling of
weights during the training causes the model to diverge for larger
learning rates, while in the absence of normalization, the model keeps
converging until the upper limit of the tested learning rates range
(Fig. 3).

This behaviour may be linked to instabilities introduced by the
rescaling of the weights during the training which, in conjunction with
excessively high learning rates, cause a degradation of the model’s
performance. As a matter of fact, L1 normalization can distort the
gradient, which means that the update of the weights is no longer simply
a step along the gradient but is influenced by the normalisation itself.
This may have non-linear effects that depend on the size of the learning
rate and with learning rates that are too high, this distortion can become
significant and lead to divergence.

First, since we are not working with integer numbers as the network
parameters, the weights length can easily cause a floating-point over-
flow and lead to a failed training (Li et al., 2020).

Furthermore, the normalization causes a narrowing in the weights
space, reducing the flexibility of the model and making learning more
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difficult, especially with high learning rates (Biswas, 2024). As a matter
of fact, large learning rates cause aggressive weight updates, potentially
making individual weight differences very large in a single step. Since
the renormalization causes the weight updates to be highly dependent
on each other, over multiple iterations with too large learning rates this
could lead the weight to converge toward uniform values.

Fig. 9 shows an example of a comparison between the trained
matrices obtained from the respective objective matrices by training the
RHoMM with and without weight normalization, and with a large value
of the learning rate (alpha=8), for both the dense (Fig. 9A) and the
small-world (Fig. 9B) architectures. In support of the above theory, we
can observe that when we employ normalization, for larger learning
rates, such as a=8 (outside the alpha converge interval), the weights
tend to reach similar values in the same row, reducing the diversity of
connections between neurons and potentially degrading the learning
capacity of the model.

Without normalization, on the other hand, weights update inde-
pendently. Large updates, such as those caused by alpha=8, may
therefore cause oscillations or instability, but they do not force weights
to equalize.

It is important, in conclusion, to underline that row-wise weight
normalisation, as well as other weight normalization approaches, is a
useful technique to keep weights well scaled, improving model stability
and convergence. In fact, if we observe the convergence ratio in Fig. 4,
we can see that normalization actually speeds up the convergence for
smaller learning rates, as it should.

However, it can have side effects in the presence of high learning
rates, as it can reduce the diversity of weights within a row, leading to
undesirable behaviour. Hence, when employing weight normalization,
it is important to fine tune the learning rate.

4.2.3. Effects of the bias addition

Starting from simulated data generated with zero bias, we trained the
model using two settings: one without considering a bias term (i.e.
forcing the bias = 0) and one with the addition of a bias term that we
optimize in the training procedure together with the network weights.
We chose this procedure because the simulated data were initially
generated with RHoMM with zero bias (i.e. the neuron’s threshold were
zero). Therefore, if we had attempted to fit zero-bias simulated data with
a network that has non-zero bias parameters, the network would have
probably learnt weights that compensate for any non-zero biases and
that do not match the true generating weights. This is possible because
gradient descent tries to minimize the loss and the Hopfield networks
have redundancy between weights and biases, i.e. the same fixed point
can be realized with different combinations of weights and biases.

When we train the network (via Back Propagation Through Time and
gradient descent) including the bias parameters, the loss function no
longer depends solely on the weights but also the biases (Liao et al.,
2019). Hence if the true generating process had zero bias, then the
optimal solution (global minimum of the loss) should correspond to
biases of zero and weights that capture the interaction terms. However,
due to optimization imperfections, small biases may appear in the
trained network even if the true bias is zero, especially if the network is
overparametrized and multiple configurations of weights and biases
produce the same output (Montazeri & Schmidt, 2024).

To test whether the learned bias is meaningful (improves fit) or
incidental, we compared the performance (i.e. the MSE) obtained from
the two different training settings described above (see Fig. 6[right]).
These results showed no significant differences in the error distributions
between the training setting with fixed zero biases and the one with
optimized biases. This means that the bias term is not improving
generalization, and it can be treated as noise. However, it is also
important to point out that the parameter estimation error does not
significantly increase with the addition of the bias in the training phase
(i.e. an increase in the number of parameters). This indicates that it is
not overfitting the data, rather it is correctly reproducing the initial
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Fig. 9. Comparison between trained matrices obtained from the respective objective matrices with and without normalization, for a large learning rate («==8). (A)
Effects of normalization for the dense matrix. (B) Effects of normalization for the small world architecture.

objective matrices without the bias neuron.

To verify if the bias term is negligible, we analysed the distributions
of the Root Mean Square Values (RMSVs) of the biases and we compared
them with the threshold of the statistical significance of the estimated
edges, computed as described in Fig. S25. We reported the results in
Fig. S24 of the supplementary materials. We can observe that, for both
the small world and the dense architecture, and for all the tested
network sizes (N = 20-200), biases are on average smaller than the
smallest significant weight and, consistently with the zero-bias genera-
tive process, they can be considered noise-level.

In conclusion, since the bias model does worsen, but does not
meaningfully improve generalization either, we believe it is reasonable
to choose the simpler model without bias optimization.

4.3. Experimental data

In this work, we applied RHoMM equation (Eq. 1) to synthetic
effective connectivity matrices with different architectures to generate
synthetic binary sequences and then we examined whether applying the
RHoMM framework to the obtained binary sequences we could faith-
fully recover the ground-truth synthetic matrices. The objective was to
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verify the ability of the model to retrieve a target effective connectivity
matrix and to analyse how different hyperparameters could affect this
ability, with a ground-truth to compare the results with and a better
control and understanding of data characteristics and variability.

However, relying exclusively on synthetic data to study the model’s
behaviour may present limitations. The use of simulated data, on one
hand simplifies development but it risks overestimating model perfor-
mance on experimental data. As a matter of facts, real MEG data can
introduce damaging effects — such as noise, artifacts, volume conduction
and nonstationarity — that can lead to distorted results or instability. On
the other hand, an experimental dataset could also have beneficial ef-
fects (physiological constraints, variability, complexity) that can
improve robustness and ecological validity of connectivity estimation.

To address this, we incorporated an analysis of an experimental MEG
dataset, through which we extended the conclusions of our simulations
to real data and of Gosti et al., 2024 to denser parcellation schemes.

4.3.1. Data binarization

The fundamental unit of RHoMM is the McCulloch-Pitts neuron, a
binary computational unit that can assume only two discrete values: 1
for an active state and O for the rest condition. Each seed voxel is
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associated with one these computational units, that act as the network’s
neurons. For this reason, in order to train the model using the experi-
mental data, we had to transform the BLP continuous signals into binary
time series. While the process of binarization does imply a loss of in-
formation, involving loss of amplitude details and a possible over-
simplification of the temporal dynamics, it also results in a non-
negligible improvement of the computational efficiency. For this
reason, is often considered useful to model the data as point process (Cox
and Isham, 1980), i.e. as a series of discrete events. Previous studies
have already shown that the statistical properties of the dynamical
regime can be effectively encapsulated within a point process repre-
sentation (Castro et al., 1997). On this ground, Tagliazucchi et al. (2012)
were able to demonstrate with fMRI that the BLP time course binariza-
tion most likely preserves the functional connectivity dynamics, and that
the brain dynamics representation as a discrete process might facilitate
large-scale analysis of brain functionality.

To verify that the binarization process does not affect the reciprocal
statistical dependencies of the signal, we computed the mean functional
connectivity of the continuous BLP and the binarized time series in the
alpha and beta band, both for the 155-nodes parcellation and the 45-
nodes parcellation. Specifically, we calculated for each run the Pear-
son’s correlation matrix, for the continuous and binarized signals, and
we normalized the correlation values applying a z-Fisher trans-
formation. Through a Mantel test, we then compared the connectomes
obtained from the continuous and the binarized BLP (Figs. S26 and S27).
The results showed a highly significant correlation between the con-
nectomes, with a Pearson’s correlation coefficient close to one for both
parcellation and bands, and a p-value < 0.001 (r=0.99 for 155-node
parcellation and r=0.98 for the 45-nodes parcellation in both fre-
quency bands).

This outcome strengthens the hypothesis that data binarization, even
if it implies some loss of information and data simplification, allows the
preservation of the BLP non linearity and the associated functional
connectivity pattern.

4.4. Methodological considerations

The RHoMM is designed to be applied to source level MEG BLP time-
courses, that have a temporal resolution (~ 10 ms) and a richness of
information considerably higher than fMRI data (=~ 1 s temporal reso-
lution). This increase in the temporal resolution implies an increase in
computational time, since the model is applied to a number of time
points about 100 times larger.

The computational burden of the model has been previously dis-
cussed in Gosti et al. (2024), where they performed a simulation to
understand how the execution time grows with the number of nodes.
From this simulation, they estimated a time of approximately 9 seconds
for the model to converge to a solution for networks comparable with
functional connectomes (N=150) and for 350 transitions. They
compared these results to those obtained with the regressive DCM and
the standard DCM, when applied on fMRI data (Frassle, 2017; Frassle,
2018; Frassle, 2021). From this comparison the execution rate of
RHoMM was found competitive, if not better than both classic DCM and
regressive DCM.

Following the same procedure to verify the scalability to large
network sizes, we performed some simulations to understand how the
execution time grows with the number of nodes. As described in Gosti
et al. (2024), the abundance of temporal samples (about 14700 samples
for ~5 minutes recordings) allows to divide the recordings into seg-
ments of n binary vectors (transitions) and estimate the mean effective
connectivity from them. Following the simulation results we selected
n=700 as the optimal number of transitions. To provide predictions on
the computational burden for different network sizes, we therefore used
simulated runs of 700 binary vectors. We simulated random graph
networks with edge weights randomly drawn from a uniform distribu-
tion [—1,1] and set to zero the weights below a threshold of 0.02. Based
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Fig. 10. Computational burden. This plot shows an estimate of the compu-
tational burden when scaling RHoMM. It shows the execution time for simu-

lated dynamics obtained from synthetic matrices with different sizes (N=20, 50,
100, 150, 200).

on the simulations results, we selected the suitable hyperparameters
ensuring convergence for the different node sizes (Nsteps=4000 and
a=4). We ran the simulations on an 8-cores CPU using 30 runs of 700
transitions, and we estimated the mean execution time for each network
size.

In line with the results obtained in Gosti et al. (2024), the trend of the
obtained curve is not linear (see Fig. 10) and the simulations we per-
formed revealed an even more encouraging outcome. As we can observe
in Fig. 10, we found that for a 200-nodes dense network (without
normalization and without bias), with 700 transitions and an optimal
learning rate a=4, the model reached convergence in about 1.4 seconds.
In this perspective, if we consider a BLP time series composed of about
20 segments of 700 transitions (approximately 5 minutes recording), we
can estimate that the model would take about 30 seconds to converge to
a solution.

On this ground, although, as already pointed out in Gosti et al.
(2024), the number of iterations has a non-negligible correlation with
the convergence to the optimal solution, we can still reinforce the
statement of RHoMM execution rate competitiveness.

Another interesting point to discuss is the significance of the weights.
Since our main purpose in this work is to evaluate the RHoMM on a
network level, and not on a nodal level, for this whole performance
analysis, we considered a global metric (i.e. the MSE between the
objective and estimated matrices), that do not provide information on
the edges individually. When we move onto real MEG data, though, we
may be interested in understanding the significance of the connections
between different brain areas. With this purpose, we demonstrated that
it is possible to establish for the estimated matrix a threshold of the
statistical significance for the single edges. We employed the same
method carried out in Gosti et al, 2024 (Appendix C), in order to validate
their results also on larger networks, obtained without the normalization
in the training. For a more in-depth explanation refer to the supple-
mentary materials (Fig. S25).

5. Conclusions

In this work we evaluated the scalability of the Recurrent Hopfield
Mass Model to large networks (150-200 nodes) using simulated data,
together with the effect of optimization strategies, such as normalization
of the weights at each GD step, and bias addition in the training process.
Specifically, since RHoMM has already been tested on connectomes with
less than 50 nodes (Gosti, 2024), we evaluated the model’s outcomes
when applied on larger networks while tuning the hyperparameters to
optimize its performance, to understand how critical these are in the
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perspective of applying RHoMM to real MEG data. The results were
independent of the simulated architecture and showed significant im-
provements both on the model convergence, widening the learning rate
convergence interval, and performance following the exclusion of the
normalization from the training, while the addition of the bias had no
significant impact on the model outcome. These results lead to the
conclusion that when applying RHoMM to real data, adopting the
version without weight normalization would make the selection of the
learning rate less critical than the version used in (Gosti, 2024), pro-
moting the use of larger learning rates with a consequent decrease of the
computational cost.

After selecting the optimal training configuration and fine-tuning the
hyperparameters, we applied the model on experimental MEG data with
two different parcellation schemes (45 and 155 nodes). The results ob-
tained led us to test the hypothesis that the model can reliably estimate
the effective connectivity matrix underlying cerebral binarized power
time courses and generate binary time series with the same functional
properties of the experimental ones. This evidence, already pointed out
in Gosti et al, 2024 for networks of 45 nodes, can now be extended to
real effective MEG connectomes with denser parcellation (comparable
with functional connectomes).

In summary, RHoMM, being simple and scalable to encode both
small and large-scale systems interactions on a millisecond-resolution
time scale (MEG BLP time series), could be suitable for extensive ap-
plications in the field of system neuroscience.
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